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A lumped element model of a piezoelectric-driven synthetic-jet actuator is presented. A synthetic jet, also known
as a zero net mass-� ux device, uses a vibrating diaphragm to generate an oscillatory � ow through a small ori� ce
or slot. In lumped element modeling, the individual components of a synthetic jet are modeled as elements of an
equivalent electrical circuit using conjugate power variables. The frequency-response function of the circuit is
derived to obtain an expression for Qout/Vac , the volume � ow rate through the ori� ce per applied voltage across
the piezoceramic. The circuit is analyzed to provide physical insight into the dependence of the device behavior on
geometry and material properties. Methods to estimate the model parameters are discussed, along with pertinent
model assumptions, and experimental veri� cation is presented of the lumped parameter models. In addition, two
prototypical synthetic jet actuators are built and tested. Very good agreement is obtained between the predicted
and measured frequency-response functions.

I. Introduction

S YNTHETIC-JET actuators have been the focus of signi� cant
research activity for the past decade.1 The interest in synthetic

jets is primarily due to their utility in � ow control applications,such
as separationcontrol,mixing enhancement,etc.2¡6 A schematicof a
synthetic-jetactuator is shown in Fig. 1. A typical synthetic jet, also
known as a zero net mass-� ux device, uses a vibratingdiaphragmto
drive oscillatory � ow througha small ori� ce or slot. Although there
is no source, a mean jet � ow is establisheda few diameters from the
ori� ce due to the entrained � uid.

In addition to studies that emphasize applications, there are nu-
merous others that have concentrated on the design, visualiza-
tion, and/or measurements of synthetic jets.7¡10 Several compu-
tational studies also have focused on fundamental aspects of these
devices.11¡14 Crook and Wood9 emphasizethe importanceof under-
standing the scaling and operational characteristics of a synthetic
jet. Clearly, this information is required to design an appropriate
device for a particularapplication.In addition, feedbackcontrol ap-
plicationsrequire the actuator transfer function that relates the input
voltage to the output property of interest, for example, volumetric
� ow rate, momentum, etc., in the control system.

The syntheticjet representsa coupledelectromechanical-acoustic
system with frequency-dependent properties determined by device
dimensions and material properties. The analysis and design of
coupled-domaintransducersystemsare commonlyperformedusing
lumped element models.15¡17

The main assumption employed in lumped element modeling
(LEM) is that the characteristiclength scales of the governingphys-
ical phenomena are much larger than the largest geometric dimen-
sion. For example, in an acoustic system, the acoustic wavelength
must be signi� cantly larger than the device itself. If this assumption
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holds, then the temporal and spatial variations can be decoupled,
and the governing partial differential equations for the distributed
system can be “lumped” into a set of coupled ordinary differen-
tial equations. This approach provides a simple method to estimate
the low-frequency dynamic response of a system for design and
control-system implementation.

The purposeof thispaper is the rigorousstudyof theapplicationof
LEM to piezoelectric-drivensynthetic-jetactuators.To the authors’
knowledge, this paper represents the � rst application of LEM to
piezoelectric-drivensynthetic jets. McCormick18 employedLEM to
a speaker-driven synthetic jet to relate the voltage input to the out-
put volume velocity of the actuator. Rathnasingham and Breuer19

were the � rst to develop a low-order model of a synthetic jet, using
a control-volume model for the � ow and an empirical model for
the structural dynamics of the diaphragm. In this paper, the various
lumped elements for each component of a synthetic jet are devel-
oped theoretically.The resulting equivalent circuit is then analyzed
to understandthe effects of geometry and material propertieson im-
portantdesign parameters,such as resonancefrequencyand volume
displacementper applied voltage.The model assumptionsand limi-
tationsare discussed,along with the resultsof experimentsdesigned
to assess the validity of this modeling approach.

II. Lumped Element Modeling
In LEM, thecouplingbetween the variousenergydomains is real-

ized by usingequivalenttwo-portmodels of the physicalsystem.An
equivalent circuit model is constructed by lumping the distributed
energy storage and dissipation into ideal generalized one-port cir-
cuit elements. In an electroacoustic system, differential pressure
and voltage are effort variables, whereas current and volumetric
� ow rate are � ow variables. An impedance analogy is employed, in
which elementsthat sharea common effort are connectedin parallel,
whereas those sharing a common � ow are connectedin series. For a
synthetic jet, three differentenergydomains are involved:electrical,
mechanical, and � uidic/acoustic.

The electromechanical actuator consists of an axisymmetric
piezoceramicpatchbondedto a clampedmetal diaphragm.The com-
positediaphragmis drivenintomotionvia an appliedacvoltage.The
primary purpose of the piezoelectric diaphragm is to produce large
volumedisplacementsto force � uid into and out of the cavity,which
represents a conversion from the mechanical to the acousto� uidic
energy domain. Consequently, the frequency range of the analysis
is limited from dc to somewhat beyond the fundamental vibration
mode of the composite diaphragm, but less than the natural fre-
quency of any higher-ordermodes.20 Linear composite plate theory
is used to obtain the short-circuitpressure-de�ectioncharacteristics.
Then, the diaphragmis lumped into an equivalentacousticmass and
acoustic compliance. The former represents stored kinetic energy,
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Fig. 1 Schematic of a synthetic jet.

Fig. 2 Equivalent circuit representation of a piezoelectric-driven
synthetic jet.

and the latter models stored potential energy. Similarly, the elec-
tromechanical transduction characteristics are determined by the
unloadedor “free”voltage-de�ectioncharacteristics.The piezoelec-
tric electromechanicalcoupling is lumped into an effectiveacoustic
piezoelectriccoef� cient.

In general, the cavity contains a compressible gas that stores po-
tential energy and is, therefore,modeled as an acoustic compliance.
Viscouseffects in the ori� ce dissipatea portionof the kinetic energy
stored in the motion of the oscillating � uid mass. Therefore, there
will be an effective acoustic mass and acoustic resistance associ-
ated with the ori� ce neck. Flow through the ori� ce produces losses
associated with the discharge of � ow from the jet exit. An acoustic
radiation impedance must also be added if the � uid is ejected into a
semi-in� nite medium.

The equivalentcircuit representationfor the syntheticjet is shown
in Fig. 2. In the notation that follows, the � rst subscript denotes the
domain, for example,a for acousticand e for electric,and the second
subscript describes the element, for example, D for diaphragm. In
the electrical domain, Ceb is the blocked electrical capacitance of
the piezoelectric diaphragm driven by an ac voltage Vac. The term
blockedis used becauseit is the impedance seen by the source when
the diaphragm motion is prevented. Although not shown here, a
resistorcan be introducedin seriesor in parallelwith Ceb to represent
the dielectric loss in the piezoceramic (Ref. 17, p. 358).

The compliance, mass, and damping of the piezoelectric di-
aphragmare normallyrepresentedin themechanicaldomain,but the
acoustic equivalent elements are used for simplicity here to avoid
the use of ambiguous referenceareas to convert from mechanical to
acoustic impedance (Ref. 17, p. 266). In particular, CaD and MaD

are the short-circuit effective acoustic compliance and mass of the
piezoceramic composite diaphragm, respectively, and Ra D is the
structural damping in the acoustic domain. The term short circuit is
used because the precedingparameters correspond to the condition
when the piezoelectric patch is electrically shorted. Also, a radia-
tion impedance must be included if the back side of the diaphragm
is radiating into an open medium. CaC is the acoustic compliance
of the cavity, whereas Ra N and MaN are the acoustic resistance and
mass of the � uid in the neck, respectively. Finally, RaO is the non-
linear resistance associated with the ori� ce discharge, and Ma rad is
the acoustic radiation mass of the ori� ce.

In this paper, it is assumed that the synthetic jet exhausts into
a semi-in� nite ambient air medium and that the diaphragm is not

subject to a mean differential pressure. If necessary, a vent chan-
nel can be used to equilibrate the mean static pressure across the
diaphragm, in a manner similar to a microphone.21 For simplicity, it
is assumed that there is no grazing � ow, and compressibilityeffects
in the ori� ce are neglected.

The structure of the equivalent circuit is explained as follows. An
ac voltage Vac is applied across the piezoceramic to create an effec-
tive acoustic pressure that drives the diaphragm into motion. This
represents a conversion from the electrical to the acoustic domain
(bypassing the mechanical domain via integration to produce a vol-
ume displacement)and is accountedfor via a transformerpossessing
a turns ratio Áa (in pascal per volt). An ideal transformer converts
energy from one domain to another without losses and obeys the
relations

I1 D Áa Q; Vac D P=Áa (1)

In addition, a transformer converts an electrical impedance Ze to
an acoustic impedance Za via

Ze D Vac=I1 D .P=Áa/=Áa Q D .P=Q/
¯

Á2
a D Za

¯
Á2

a (2)

The motion of the diaphragm either can compress the � uid in the
cavity or can eject/ingest � uid through the ori� ce. Physically, this is
represented as a volume velocity divider, Q D Qc C Qout. The goal
of the design is to maximize the magnitude of the volume � ow rate
through the ori� ce per applied voltage jQout=Vacj.

III. Equivalent Circuit Model Analysis
Before estimating the lumped parameters de� ned earlier, it is

instructiveto analyze the equivalentcircuit to obtain the frequency-
response function Qout.s/=Vac.s/, where s D j!. By the use of
Eq. (2), the transformer can be eliminated by converting each of
the acoustic impedances to their electrical equivalent. The result is
depicted in Fig. 3, where

ZeD.s/ D
¡
1
¯

Á2
a

¢
.RaD C sMa D C 1=sCaD/

ZeC .s/ D
¡
1
¯

Á2
a

¢
.1=sCaC /

ZeO .s/ D [.RaN C RaO / C s.Ma N C Ma rad/]
¯

Á2
a (3)

are the electric impedance of the diaphragm, cavity, and ori� ce,
respectively. Substituting in the expressions for ZeD ; ZeC , and ZeO

and grouping powers of s in the numerator and denominator results
in

Qout.s/

Vac.s/
D ÁaCa Ds

a4s4 C a3s3 C a2s2 C a1s C 1
(4)

where

a1 D Ca D.RaO C RaN C RaD/ C CaC .RaO C RaN /

a2 D Ca D.Ma rad C Ma N C MaD / C CaC .Ma rad C MaN /

C CaCCa D RaD.RaO C RaN /

a3 D CaCCa D[MaD .RaO C RaN / C .Ma rad C MaN /Ra D]

a4 D CaCCa D Ma D.Ma rad C MaN / (5)

Although this expression is somewhat complicated, it reveals
some important featureswithout having to estimate any of the para-
meters in Eq. (5). For this discussion, these parameters can be

Fig. 3 Alternative equivalent circuit model.
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thought of as constants, although in reality some are likely to ex-
hibit frequencyand amplitude dependence, that is, due to nonlinear
effects. For a dc voltage (s D 0/, the volume velocity is zero. At low
frequencies (s ! 0/, the volume velocity is proportional to daVac!
because the transduction factor is de� ned as Áa D da=CaD , where
da is an effectiveacousticpiezoelectriccoef� cient de� ned later [see
Eq. (22)]. This result emphasizes the need to optimize the design
of the piezoceramic composite diaphragm20 and also indicates that
Qout and Vac are 90 deg out of phase at low frequencies.

At high frequencies (s ! 1), Eq. (4) becomes

Qout=Vac D da

¯
CaC CaD Ma D.MaN C Ma rad/s3 (6)

The output, therefore, decreases at a rate of 60 dB/decade and is
inverselyproportionalto the product of the masses and compliances
in the system.

The denominator in Eq. (4) is a fourth-order polynomial in s,
indicatingtwo resonancefrequencies.A compact analyticalexpres-
sion for the two resonance frequencies is desirable. The � rst and
second resonance frequencies, f1 and f2 , are controlled by, but are
not identical to, the short-circuit piezoelectric diaphragm natural
frequency,

fD D .1=2¼/
p

1=Ma DCa D (7)

and the Helmholtz resonator frequency,

fH D .1=2¼/
p

1=.Ma N C Ma rad/CaC (8)

with the constraint that

f1 f2 D fD fH (9)

The measure of the coupling of a system is a function of the
mass or compliance ratio.15 When small damping is assumed, the
denominator in Eq. (4) yields the following relationship between
the natural frequencies:
£¡

f 2
2 ¡ f 2

D

¢
C

¡
f 2
1 ¡ f 2

H

¢¤¯
f 2

H D [.Ma N C Ma rad/=MaD] D ® (10)

where ® is de� ned as the ratio of the ori� ce masses to the diaphragm
mass. Similarly, a compliance ratio ¯ can be de� ned as

£¡
f 2
2 ¡ f 2

D

¢
C

¡
f 2
1 ¡ f 2

H

¢¤¯
f 2

D D CaD =CaC D ¯ (11)

Given the compliance ratio, which is usually easier to estimate,
one can obtain the following quadratic formula for Ã D f 2

i :

Ã2 ¡
£

f 2
D.1 C ¯/ C f 2

H

¤
Ã C f 2

D f 2
H D 0 (12)

The two roots of Eq. (9) are the square of the natural frequencies
of the synthetic jet, f 2

1 and f 2
2 . In the next section, two important

cases are examined to gain physical insight into the behavior of the
device under different limiting conditions.

A. Case 1: Incompressible Limit 1/¯ = CaC /CaD ! 0
If it is assumedthat the � uid is an isentropic,idealgas, theacoustic

cavitycomplianceis obtainedfrom thecavityvolumeV0 , gasdensity
½0, and the isentropic speed of sound c0 via

CaC D V0

¯
½0c2

0 (13)

In practice, CaC=CaD ! 0 is achieved by minimizing the cavity
volume or operating in a liquid medium.

Because the coef� cientsa3 and a4 in Eq. (5) are both proportional
to CaC , the synthetic-jet transfer function reduces to the second-
order system,

Qout.s/

Vac.s/
D

.da=a 0
2/s

s2 C .a0
1=a0

2/s C 1=a0
2

(14)

where the prime denotes the limit with CaC =Ca D ! 0.
The denominator in Eq. (14) is written in the form of a canonical

second-order system, s2 C 2³!ns C !2
n . By inspection, the natural

frequency and damping ratio for the incompressible case are given
by

!incomp D
p

1=fCa D Ma D[1 C .MaN C Ma rad/=MaD ]g (15)

³incomp D 1
2 .RaO C RaN C Ra D/

p
Ca D=.MaN C Ma rad C MaD/

(16)

If Ma D À MaN C Ma rad , then the natural frequencyof the synthetic-
jet actuator equals that of the diaphragm.At resonance,the response
is proportionalto the effectiveacousticpiezoelectriccoef� cient and
is limited by the resistances of the circuit and the acoustic compli-
ance of the diaphragm:

Qout=Vac D .1=CaD/[da=.RaO C RaN C Ra D/] (17)

B. Case 2: Rigid Diaphragm Limit ¯ = CaD/CaC ! 0
As described by Prasad et al.,20 the size of the piezoceramic

patch is not negligible compared to the metal diaphragm for high
actuation performance. Therefore, the piezoceramic composite di-
aphragm cannot accurately be modeled as a homogeneous circular
plate. Nonetheless, if it is assumed that the diaphragm is clamped,
the acoustic compliance of a homogeneous clamped circular plate
provides insight into the scaling behavior of the diaphragm:

Ca D D ¼a6.1 ¡ º2/

16Eh3
(18)

where a is the radius, E is the elastic modulus, º is Poisson’s ratio,
and h is the thickness.From Eq. (18),Ca D decreaseswith decreasing
thickness ratio a=h and increasing elastic modulus.

As in the earlier case, the coef� cientsa3 and a4 in Eq. (5) are zero,
and the synthetic-jet transfer function reduces to a second-order
system. The limit Ca D=CaC ! 0 leads to the following expressions
for the natural frequency,damping ratio, and responseat resonance:

!stiff D
p

1=.Ma N C Ma rad/CaC (19)

³stiff D 1
2
.Ra O C RaN /

p
CaC =.Ma rad C Ma N / (20)

Qout=Vac D .1=CaC/[da=.RaO C RaN /] (21)

In this case, the natural frequency of the jet corresponds to the
resonant frequency of the Helmholtz resonator. At resonance, the
response is limited by the ori� ce � ow resistances and the cavity
compliance. By comparison with Eq. (17), the resonant response
differs for these cases by the ratio of the acoustic compliances and
by the contribution of the acoustic resistance of the diaphragm in
the incompressible case.

C. Model Parameter Estimation
In this section, the methods and assumptions used to estimate

each of the quantities in Eq. (5) are outlined. See Refs. 16, 17, and
22 for details of the methodology.The details of the two-port model
for the piezoceramic plate can be found in Ref. 20.

The piezoelectric diaphragm vibrates in response to both an ap-
plied ac voltage and oscillatory differential pressure according to
the relation

Q D j!.da Vac C Ca D P/ (22)

where da D j.Q=j!Vac/jP D 0 is de� ned as the effective acoustic
piezoelectric coef� cient that relates the volume velocity Q of the
diaphragmto the applied voltage Vac, and Ca D D .Q=j!P/jVac D 0 D
.1 volume=P/jVac D 0 is the short-circuit acoustic compliance that
relates an applied differential pressure to the volume displacement
of the diaphragm.

The verticalde� ectionw.r/ due to an applieddifferentialpressure
is lumped into an equivalent acoustic mass Ma D by equating the
lumpedkineticenergyof the vibratingdiaphragmto the total kinetic
energy using

1

2
Ma D Q2 D

Z a

0

½00.r/

2
Pw.r/22¼r dr (23)
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where ½00.r/ is the distributed mass per unit area, Q is the net vol-
ume velocity of the diaphragm, a is the radius of the diaphragm,
and Pw.r / D j!w.r / is the distributed vertical velocity. All of these
parameters are calculated via linear composite plate theory. (See
Ref. 20 fordetails.)The acousticresistanceRaD representsthe losses
due to damping effects in the diaphragm and is given by

Ra D D 2³
p

Ma D=Ca D (24)

where ³ is the damping coef� cient that is determined experimen-
tally.

The blocked electrical capacitance Ceb in Fig. 2 is related to the
free electrical capacitance of the piezoceramicCef D " Ap=h p by

Ceb D Cef.1 ¡ ·2/ D Cef

¡
1 ¡ d2

a

¯
CefCas D

¢
(25)

where ·2 is the electroacoustic coupling factor, " is the dielectric
constant, Ap is the piezoceramicarea, and h p is the thickness of the
piezoceramicpatch. However, Ceb does not appear in Eq. (4) and is,
therefore, not required for the present analysis. Also note that the
piezoceramic dielectric properties play a major role in determining
the electric power requirements of the actuator.

The acoustic impedance of the cavity is given by

ZaC D ½0c0 cot.k D/=j S (26)

where D is the depth, k D !=c0 is the acoustic wave number, and
S is the cross-sectional area of the cavity. Because kD ¿ 1, the
Maclaurinseries is truncatedafter the � rst term to yield (see Ref. 23)

ZaC
»D ½0c2

0

¯
j!SD D ½0c2

0

¯
j!V0 D 1=j!CaC (27)

At low frequencies,the acousticresistanceof the neck is obtained
assuming fully developed laminar pipe � ow in the neck of length L
and radius a0:

Ra N D 1Pout=Qout D 8¹L=¼a4
0 (28)

where ¹ is the viscosityof the � uid and Qout is the volume � ow rate
produced by the differential pressure 1Pout. By the use of the same
assumption of fully developed pipe � ow, the acoustic mass in the
neck is obtained by integrating the distributed kinetic energy and
equating it to the lumped kinetic energy in the acoustic domain:

1

2
½0 L

Z a0

0

u2
0

"

1 ¡
³

r

a0

´2
#2

2¼r dr D 1

2
MaN Q2

out (29)

where u0 is the centerlinevelocity that is related to the volume � ow
rate by Qout D u0¼a2

0 =2. The solutionof Eq. (29) yields the effective
acoustic mass

Ma N D 4½0 L
¯

3¼a2
0 (30)

The acoustic radiation mass Ma rad can be modeled for ka0 < 0:5
as a piston in an in� nite baf� e if the circular ori� ce is mounted in a
plate that is much larger in extent than the ori� ce22:

Ma rad D 8½0

¯
3¼ 2a0 (31)

The acoustic resistance associated with the discharge from the
ori� ce can be approximatedby modeling the ori� ce as a generalized
Bernoulli � ow meter (see Refs. 18 and 24):

RaO D
1
2
K D½0 Nu
¼a2

0

D
1
2
K D½0 Qout

¼ 2a4
0

(32)

where Nu is the mean velocity and K D (assumed to be unity here) is
a nondimensional loss coef� cient that is a function of ori� ce geom-
etry, Reynolds number, and frequency. Note that RaO is a function
of the volume � ow rate Qout through the ori� ce and, thereby, rep-
resents a nonlinear resistance, necessitating an iterative solution of
Eq. (4).

Fig. 4 Variation in velocity pro� le vs St = 1, 10, and 30 for oscillatory
channel � ow in a circular duct.

Fig. 5 Ratio of average velocity to centerline velocity vs St for oscilla-
tory channel � ow in a circular duct.

At higherfrequencies,the velocitypro� le in the ori� ce is modeled
as � ow in a circular duct driven by an oscillatingpressure gradient.
The solution is given by White25 as

u.r; t/ D j
1Pout

!½0L

8
><

>:
1 ¡

J0

£p
¡ j .!r 2=º/

¤

J0

hq
¡ j

¡
!a2

0

¯
º
¢i

9
>=

>;
e j!t (33)

where J0 is a Bessel function of zero order and º is the kinematic
viscosity. The velocity u is proportional to the pressure gradient
and inversely proportionalto ½0!. Furthermore, the velocity pro� le
is characterized by the Stokes number St D

p
.!a2

0=º/, as shown
in Fig. 4. In the limit of St ! 0, the velocity pro� le asymptotes to
Poiseuille � ow. As the Stokes number increases, the thickness of
the Stokes layers decreases below a0, leading to an inviscid core
surrounded by a viscous annular region. Figure 5 shows that the
ratio of the average velocity to the centerline velocity, which is 0.5
for Poiseuille � ow, is strongly dependant on the Stokes number.
The acoustic impedance of the ori� ce under these assumptions is
determinedby directly integratingthe velocitypro� le to obtain Qout

as a functionof 1Pout. In this case, the real (resistive)and imaginary
(reactive)partsof theacousticimpedanceare a functionof theStokes
number:

1Pout=Qout D ZaN D Ra N C j XaN D RaN C j!Ma N (34)

The results shown in Fig. 6 reveal that, at low frequencies, the
acoustic resistance asymptotes to the steady value given in Eq. (28)
and increasesgraduallywith frequency.However, the acousticmass
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Fig. 6 Nondimensional resistance and reactance vs St for oscillatory
channel � ow in a circular duct.

Fig. 7 Assembly diagram of modular synthetic jet.

is approximatelyconstantwith frequency.The data in Fig. 6 are used
to providefrequency-dependentestimatesfor theacousticresistance
and mass in Eq. (4).

IV. Model Validation and Parameter Extraction
A modular piezoelectric-drivensynthetic jet was constructed, as

shown in Fig. 7, to perform a series of experiments to test the valid-
ity of the lumped element model parameters. The modular design
permits a systematicvariationof the cavity volume,ori� ce diameter
and length, and piezoelectricdiaphragm diameter and thickness. In
addition,an access hole is provided for a microphone to monitor the
� uctuating pressure inside the cavity.

A. Piezoelectric Transduction
The � rst experiment tested the linear composite plate theory that

providesestimates for CaD , Ma D , and da . This was accomplishedby
measuring the velocityof the clamped vibratingdiaphragm(excited
by Vac) using a scanning laser vibrometer (Polytec Model PSV-
200) and integrating the velocity in the frequencydomain to obtain
displacement. The clamped circular diaphragm was removed from
the synthetic-jetapparatusand mountedon an optical table.The test
was also performed in a vacuum chamber to eliminate � uid loading
effects.

Figure 8 shows a comparison between the predicted and mea-
sured mode shape of the piezoceramic diaphragm to a sinusoidal
excitation voltage at f D 100 Hz. The agreement between theory

Fig.8 Comparisonbetween predicted andmeasured response ofpiezo-
ceramic diaphragms to a sinusoidal excitation voltage at 100 Hz.

Fig. 9 Measured acoustic complianceCaC vs frequency in closed cavity
of synthetic jet.

and experiment is very good.The measurednatural frequencyof the
diaphragm was 3505 Hz, whereas the computed short-circuit reso-
nance frequency from Eq. (7) was within »1%. Figure 8 includes
randomuncertaintyestimatesestimatedfrom themeasuredresponse
at 100 Hz, as outlined by Bendat and Piersol.26 Key assumptionsof
the compositeplate model, discussed in detail by Prasad et al.,20 in-
cludea linear response,negligiblebond-layerthicknessand in-plane
stress, and an ideal clamped boundary condition. Any violation of
these assumptionswill obviouslydegradetheaccuracyof the model.

B. Cavity Acoustic Compliance
The value of the cavity acoustic complianceCaC is obtained from

Eq. (13).The cavityvolumecan be calculatedfrom the geometry.To
test the theory, the ori� ce was replaced with a solid cap to provide a
closed cavity, and all leaks were carefully minimized. The piezoce-
ramic was then driven with a nominal 1-V amplitude sinusoid, and
the displacement of the vibrating diaphragm was measured with a
laser displacement sensor (Micro-Epsilon Model ILD2000-10). A
1
8 -in. Brüel and Kjær (B&K) Type 4138 condensermicrophonewith
B&K Type 2669 preampli� er measured the � uctuating pressure in
the closed cavity.

The amplitude of the sinusoid was adjusted to avoid harmon-
ics. The frequency response function between the pressure and dis-
placement signal at the diaphragm center w0 was used to measure
P=w0 at several frequencies and calculate CaC , as shown in Fig. 9.
By the use of the average measured value of 9.89 MPa/m and the
measured mode shape, the cavity volume was determined to be
2.53 £ 10¡6 m3 § 12%. This nominal value is within »1% of the
cavity volume calculated from the geometry.

C. Acoustic Mass and Resistance in Ori� ce
The � ow in theneckof the ori� ce is modeledvia Eq. (33) as a fully

developedlaminar � ow drivenby an oscillatorypressuregradient in
a circular duct of radius a0 and length L . The data in Fig. 6 are used
to providefrequency-dependent estimatesfor the acousticresistance
and mass in the lumped element model. Also, it has been veri� ed
that this model is in good agreementwith the semi-empiricalmodel
given by Ingard27 for the impedance of a perforated plate.
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Also note that, depending on the aspect ratio L=a0 of the ori� ce,
the fully developed assumption may not be valid. Only for large
values of L=a0 is the fully developed assumption expected to be
reasonable.For small values of L=a0, the ori� ce dump loss given in
Eq. (32) is expected to dominate.

The models discussed in this section are simple and neglect po-
tentially signi� cant issues, such as nonlinear effects due to large-
amplitude pressure oscillations in the cavity28 and transition to tur-
bulent � ow and compressibility effects in the ori� ce. Grazing � ow
effects, which are relevant when the synthetic jet interacts with a
boundary layer, have also been ignored.29

D. Comparison Between Model and Experiment
In this section, the lumped element model is used to predict the

frequency response of two synthetic-jet actuators. The dimensions
and material propertiesof the piezoceramicdiaphragmsare summa-
rized in Table 1, and the pertinent lumped element parameters are
providedin Table 2. Table 3 lists the geometry of both syntheticjets.

1. Laser Doppler Velocimetry System
A Dantec, � ber-optic, two-component, laser doppler velocimetry

system was used to measure the magnitude of the peak centerline

Table 1 Speci� cations of piezoceramic diaphragms

Property Case 1 Case 2

Shim (brass)
Elastic modulus, Pa 8:963 £ 1010

Poisson’s ratio 0.324
Density, kg/m3 8700
Thickness, mm 0.15 0.10
Diameter, mm 23.0 37.0

Piezoceramic (PZT-5A)
Elastic modulus, Pa 6.3 £ 1010

Poisson’s ratio 0.31
Density, kg/m3 7700
Thickness, mm 0.08 0.11
Diameter, mm 20.0 25.0
Relative dielectric constant 1750
d31, m/V ¡1:75 £ 10¡10

Cef, nF 61 76

Fig. 10 Laser doppler velocimeter system setup for case 1.

velocity produced by a synthetic jet for varying frequency.Theatri-
cal fog � uid was used to produce particles with a speci� ed mean
diameter of 0.35 ¹m. Figure 10 shows a schematic of the synthetic-
jet device and the relative size of the probe volume.A 400-mm focal
length, 60-mm-diam lens was used to create a probe volume size
of 0:194 £ 0:194 £ 4:095 mm with a beam half-angleof 2.718 deg.
Because of the beam half-angle and the thickness of the synthetic-
jet device, the minimum distance from the ori� ce at which velocity
data could be acquired was 0.3 mm, which is less than one ori� ce
diameter. As further evidence that the measurement location is suf-
� ciently close to the ori� ce, the ratio of the measurement location
to the stroke length, x¼ f=umax. f /, is much less than unity for the
conditions tested here.1

2. Data Acquisition
Velocity data were acquiredphase lockedwith the input actuation

sinusoidal signal. As shown in Fig. 10, the probe volume length
extended beyond the ori� ce. Therefore, the data contained many
points with near zero velocity. Fortunately, these data do not affect
the envelope of the phase-averaged velocity over one cycle. The
maximum value was extracted from the phase-averaged velocity
measurementsover a range of input frequencieswith Vac D 25 V. To
verify repeatabilityof the data, several frequencieswere chosenand

Table 2 Calculated lumped parameters of piezoceramic diaphragms

Quantity Case 1 Case 2

Ca D , s2 ¢ m4/kg 7.39£ 10¡13 2.76£ 10¡11

Ma D , kg/m4 7:669£ 103 2:289£ 103

Áa , Pa/V 74.79 15.66

Table 3 Geometry of synthetic jet actuators

Property Case 1 Case 2

Cavity
Volume V0, m3 2.50£ 10¡6 5.50£ 10¡6

Ori� ce
Radius a0, mm 0.825 0.42
Length L , mm 1.65 0.84
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Table 4 Uncertainty in maximum
velocity at select frequencies for case 2

Frequency, Hz Uncertainty in umax. f /, %

200 2.0
500 3.4
800 13.0

Fig. 11 Comparison between the lumped element model and experi-
ment for case 1 (³ = 0.03 and KD = 1).

Fig. 12 Comparison between the lumped element model and experi-
ment for case 2 (³ = 0.02 and KD = 1).

velocity data were acquired over a period of several days for case 2.
Table 4 summarizes the repeatability of the velocity measurements
for several frequencies. Whereas the uncertainty exceeds 10% near
resonance, the data are suf� ciently accurate to test the validity of
the lumped element model.

3. Results
As shown in Table 3, case 1 uses a smaller piezoceramic di-

aphragm and cavity volume and a larger ori� ce than case 2. How-
ever, both devices use an ori� ce with the same aspect ratio L=a0

and are driven with Vac D 25 V amplitude sinusoids. Figures 11 and
12 show the comparisonbetween the experimentand the model just
developed. The lumped element model uses Eq. (33) and Fig. 6 to
model the frequency dependence of the velocity pro� le to deter-

Table 5 Comparison between lumped
element model and experiment

Quantity Source Case 1 Case 2

fD , Hz Eq. (7) 2114 632
fH , Hz Eq. (8) 941 452
¯ Eq. (11) 0.041 0.693
f1 , Hz Eq. (12) 918 324
f2 , Hz Eq. (12) 2167 880
f1 , Hz Experiment 970 N/A
f2 , Hz Experiment 2120 850

mine the relationship between umax and Qout, which is obtained via
Fig. 5. The agreementbetween the model and experiment in Fig. 11
is satisfactory. The main difference between the two models pro-
posed occurs at the maximum velocity peaks, where the resistance
termsdominate the system response.As shown in Table 5, the model
accurately predicts the two resonance frequencies using Eq. (12).

Case 2 in Fig. 12 corresponds to a case with a single dominant
peak that provides jet velocities in excess of 60 m/s. The excitation
voltage amplitude of 25 V corresponds to approximately 35% of
the coercive or breakdown electric � eld strength (»1.18 V/¹m) of
the piezoceramic. The lumped element model accurately predicts
the resonance frequencyand maximum velocity and also possesses
the proper shape of the frequency-responsefunction. Note that two
resonance frequencies are predicted by the lumped element model,
one near 350 Hz and the other near 900 Hz. However, the lower
peak is heavily damped in Fig. 12 due to the frequency-dependent
nonlinear ori� ce resistance term RaO .!/. An inspection of Eqs. (4)
and (5) reveals that this term has a larger effect at lower frequencies.
Gallas et al.30 mistakenly argued that this case corresponds to the
situation when a single peak is obtained in the frequency-response
function f1 D f2 D

p
. fD fH /.

Finally, the peak in the experimental results for case 2, which
occurs at around 1200 Hz, corresponds to a harmonic of the reso-
nance frequency of the piezoelectric diaphragm. The lumped ele-
ment model does not account for structuralnonlinearitiesor higher-
order vibration modes. As a result, the peak near 1200 Hz is not
captured by the model.

V. Conclusions
A lumped element model of a piezoelectric-drivensynthetic-jet

actuator has been developed and compared with experiment. LEM
provides a compact analytical model and valuable physical insight
into the dependenceof thedevicebehaviorongeometryandmaterial
properties. The model reveals that a synthetic jet is a fourth-order
coupled oscillator. One oscillator is a Helmholtz resonator, and the
second is the piezoelectricdiaphragm.Simple argumentsreveal two
importantspecialcases correspondingto singleoscillators.One case
occurs when the � ow is incompressible,whereas the second case is
similar to that of a rigid pistonand occurswhen the acousticcompli-
ance of the piezoelectricdiaphragmis small compared to that of the
cavity. In this case, the synthetic jet acts like a driven Helmholtz res-
onator.For anycasewith lowdamping,which is foundto be a reason-
able assumption, a simple formula was obtained to estimate the two
naturalfrequenciesof the syntheticjet as a functionof the Helmholtz
and diaphragm natural frequencies and the compliance ratio ¯ .

Methods to estimate the parametersof the lumped element model
were presentedand experimentswere performed to isolate different
components of the model and evaluate their suitability. The results
indicate that the linear composite plate theory is accurate when the
model assumptions are achieved, that is, linear response, clamped
boundary condition, negligible bond layer, and no in-plane stress.
Similarly, the cavity acoustic compliance model was validated.The
details of the � ow in the ori� ce require a careful study. It is this
region that dictates the acoustic mass and resistance in the neck.
Accurate knowledge of the acoustic mass is required to determine
the Helmholtz frequencyof the synthetic jet, whereas the resistance
limits the achievable velocities near resonance.

The model was applied to two prototypical synthetic jets
and found to provide very good agreement with the measured
performance.The only adjustableconstant is the structuraldamping
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coef� cient, which affects the results near the diaphragm resonance
frequency. The results reveal the power and shortcomings of the
model in its present form. The � ow in the vicinity of the ori� ce
must be studied further to obtain better quantitative estimates of
the losses and velocity pro� le characteristics.Furthermore, the loss
coef� cient K D in Eq. (32) is assumed to be unity, but is probably
a function of the ori� ce Reynolds number, Stokes number, and ge-
ometry, for example, a rounded ori� ce. Furthermore, grazing � ow
effects remain to be studied in a rigorous fashion.

In future work, additional parameters will be varied in the model
and accompanyingexperimentsto yield optimal design rules for the
synthetic jet. Future testing of the piezoelectric diaphragm will as-
sess the severity of nonlinear effects when the excitation amplitude
is increased, as well as the impact of the edge boundary condition
on the diaphragm performance. For the ori� ce, emphasis will be
placed on the ratio of the ori� ce length to the hole radius L=a0. This
variable will be systematically varied in concert with the other im-
portant parameters, such as the ori� ce shape, Reynolds, and Stokes
numbers. Additional velocity measurements with improved spatial
resolution will also be performed to map out the spatial variations
in the synthetic-jet velocity � eld.
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